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1. INTRODUCTION
Let G be a ﬁnite group and let A be a group of automorphisms of G
such that the orders of G and A are coprime. This situation has been stud-
ied by many authors, particularly when the action is ﬁxed-point-free (that
is, when CGA = 1) or when there is some other restriction on CGA.
Famous examples include the results of Higman [4] and Thompson [7]. In
this paper, we examine a “dual” situation where the index of this central-
izer is bounded. However, if A acts on G, we may simply add a direct factor
which is centralized by A and not change the index of the centralizer. It
follows that we cannot hope to establish general facts about the group G,
but perhaps we may obtain information about the commutator subgroup
GA. In this paper we prove the following two theorems.
Theorem A. Let G be a ﬁnite group and let A be a group of automor-
phisms of G such that the orders of G and A are coprime. If G  CGA ≤ n,
then GA ≤ nlog2n+1.
Theorem B. Let G be a ﬁnite p-group for some prime p and let A be a
group of automorphisms of G such that p does not divide the order of A. If
G  CGA ≤ pm, then GA ≤ pm2+m/2.
Note that if n = pm, then pm2+m/2 = n1+logp n/2.
Example 1.1. Let p be an odd prime and let G be the free nilpotent
group of class two and exponent p with free generators x1 x2 
 
 
  xm.
Since p ≥ 3, the derived subgroup G′ is an elementary abelian p-group
freely generated by the 12mm− 1 commutators xj xi for 1 ≤ i < j ≤ m.
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Deﬁne an automorphism α of G by xiα = x−1i for i = 1 2 
 
 
 m, so that α
has order two. Since commutators in G are linear, each xj xi is ﬁxed by
α, so CGα = G′ and G  CGα = pm. On the other hand, xi α = x−2i ,
so as p is odd, Gα = G and so Gα = pm2+m/2. Hence taking A to
be the cyclic group of order 2 generated by α, we see that the bound given
in Theorem B is achieved, at least when p is odd.
Example 1.2. Let p be a prime and let G be the wreath product of a
cyclic group of order pn by a cyclic group H order p. Let K be the base
group K of G. Let x be a generator for one of the direct factors of K. Then
CGx = K, which has index p in G. On the other hand, xG = KH,
which has index pn in K, so xG = pnp−1. Hence taking A to be the
cyclic subgroup of AutG generated by the inner automorphism g → gx, we
see that there is no bound as in Theorem B (or Theorem A) if the order
of the group A of automorphisms is not coprime to that of G.
The proofs of both our theorems rely on some well-known facts about
coprime actions of automorphisms on groups which may be found in
Section 8.2 of [6] or, for the case of G being a p-group, in Section 24
of [1]. We list the properties which we will use most frequently. Let A be
a group of automorphisms of a ﬁnite group G such that the orders of G
and A are coprime. Then
(i) G = GACGA;
(ii) GA = GAA;
(iii) if N is an A-invariant normal subgroup of G, then CG/NA =
CGAN/N; and
(iv) if G is abelian, then G = GA × CGA.
To prove either theorem, we assume that G  CGA ≤ n and claim that
GA ≤ f n for the appropriate function f . Let G be a counterexample
of minimal order. Then
GA  CGAA = GA  CGA ∩ GA
= GACGA  CGA = G  CGA ≤ n

Thus if GA < G, theminimality ofG implies that GA = GAA ≤
f n, which contradicts G being a counterexample. Therefore our min-
imal counterexample satisﬁes G = GA. Consequently, since G/G′ =
G/G′A × CG/G′ A, we also deduce that CGA ≤ G′. In particular, if
G were abelian, then we would have G = G  CGA ≤ n ≤ f n. There-
fore our minimal counterexample is non-abelian. In addition, whenever N
is a normal subgroup of G centralized by A, the Three Subgroup Lemma
shows that N is also centralized by GA and hence N ≤ ZG.
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Thus a minimal counterexample to either Theorem A or B has the fol-
lowing three properties:
(i) G = GA;
(ii) G is non-abelian;
(iii) if N is a normal subgroup of G and NA = 1, then NG = 1.
We shall use G to denote the Frattini subgroup, FG to denote the
Fitting subgroup, and γkG to denote the kth term of the lower central
series of a group G. If X is a subset of G and H is a subgroup of G, the
subgroup of G generated by the conjugates of X by elements of H will be
denoted by XH. In particular, if H = G, then XG is the normal closure
of X in G. A group Q is quasisimple if Q = Q′ and Q/ZQ is simple and
a component of a group G is a subnormal quasisimple subgroup of G. We
denote by EG the subgroup of G generated by all the components of
G and then F∗G = FGEG is generalized Fitting subgroup. Standard
properties of the generalized Fitting subgroup can be found in Section 31
of [1]. We refer to Gorenstein et al. [3] for background information and
notation related to groups of Lie type.
The structure of the paper is as follows. Section 2 is concerned with
the number of conjugates of a Hall π-subgroup of G needed to gener-
ate its normal closure in G. This will be a crucial tool in the proof of
Theorem A. It will be applied when the group of automorphisms A of our
counterexample G is viewed as a Hall subgroup of the semidirect product
GA. We prove Theorem B in Section 3 and Theorem A in Section 4. The
proof of the latter theorem proceeds in two steps. We ﬁrst show that if G
is a minimal counterexample to Theorem A then A centralizes the Fitting
subgroup FG, and second that A centralizes the subgroup EG gener-
ated by the components of G. It is the proof of this fact that requires the
Classiﬁcation of Finite Simple Groups. From these last two observations
we deduce our contradiction.
2. GENERATING FINITE GROUPS
WITH HALL π-SUBGROUPS
The results in this section will be used in the proof of Theorem A.
Lemma 2.1. Let G be a ﬁnite group, let A be a Hall π-subgroup of G,
and let  be the set of conjugates of A in G. Let  ⊆ , let K =  , and let
 be an orbit of K on . Then K ≤ . Furthermore, if some member of 
is not a subgroup of K, then K < .
Proof. Let R = . Then K and, in particular, every X ∈  normalize
R. Hence for X ∈  XR is a subgroup of G. Since no prime in π divides
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G  R, we have XR = R for all X ∈  . Therefore K =   ≤ R. The last
statement is clear.
Proposition 2.2. Let G be a ﬁnite group, let A be a Hall π-subgroup of
G, let n be the index of the normalizer of A in G, and let m be the minimal
index of a proper subgroup of A. Then the normal closure of A in G can be
generated by log22n+m− 1/m conjugates of A.
Proof. Let  be the set of conjugates of A in G. Then as A is a Hall
π-subgroup of G, A has exactly one ﬁxed point in its action on , namely
A itself. Since the minimal index of a proper subgroup of A is m, every
other orbit of A on  has length at least m.
Deﬁne K0 = 1, K1 = A1 = A, and, for j > 1, Kj = Kj−1Aj, where at
each stage Aj ∈  is chosen to maximize the order of Kj . Since G is ﬁnite,
there exists some k such that Kk = AG, the normal closure of A in G,
and Kk−1 = AG. Then AG = A1A2 
 
 
 Ak, so that the normal
closure of A in G is generated by k conjugates of A.
Note that Kj is generated by A1A2 
 
 
 Aj, which is a subset of .
Hence Lemma 2.1 applies whenever  is an orbit of Kj on . Consider
such an orbit  with representative B where BKj . The lemma gives Kj <
BKj. If  where also an orbit of Kj−1, then we would have
Kj < BKj = BKj−1 ≤ BKj−1

This contradicts the choice of Aj to maximize the order of Kj . Hence 
must be a union of at least two orbits of Kj−1 on . As B lies in none of
K1K2 
 
 
 Kj , it follows that  must be a union of at least 2j−1 orbits of
A on , each of which has length at least m.
By choice, Ai ≤ Kj whenever i ≤ j. Hence each element of ! = A1 ∪
AK12  ∪ · · · ∪ A
Ki−1
i  is contained in Ki. Therefore the orbit AKii+1 is
disjoint from !, since Ai+1 is chosen so that Ai+1Ki. Hence
 ⊇ A1 ∪
{
A
K1
2
} ∪ · · · ∪ {AKk−1k }
and the right-hand side is a disjoint union. We now have
n =  ≥ 1+m(1+ 2 + · · · + 2k−2) = 1+m(2k−1 − 1)

Hence
log2n+m− 1/m ≥ k− 1
which gives the required bound for k.
Since m ≥ 2 in the above proposition, we can deduce the following
corollary.
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Corollary 2.3. Let G be a ﬁnite group and let A be a group of auto-
morphisms of G such that the orders of G and A are coprime. Let Q be an
A-invariant normal subgroup of G and let the index of CGAQ in G be n.
Then the normal closure QAG is product of at most log2n+ 1 conju-
gates of QA.
Proof. Let L be the semidirect product G A. Note that Q is a normal
subgroup of L and CGAAQ ≤ NLAQ. Hence
L/Q  NL/QAQ/Q ≤ G  QCGA = n

Hence, by Proposition 2.2, the normal closure AQ/QL/Q can be gener-
ated by k conjugates of AQ/Q where k ≤ log2n+ 1 say
AQ/QL/Q = A1Q/QA2Q/Q 
 
 
 AkQ/Q
where each Ai is a conjugate of A in L and, without loss of generality,
A1 = A. Then ALQ = MQ where M = A1A2 
 
 
 Ak. Since G =
GACGA, we have
L = GA = CGAAL = CGAQM

Therefore
QAG = QAAG = QACGAQM = QAM

Since each QAi is a normal subgroup of Q, we have
QAM = QAQAM ≤ QM = QA1QA2 · · · QAk

Thus
QAG = QA1QA2 · · · QAk
as required.
The ﬁnal lemma in this section is not concerned with the number of
conjugates needed to generate a normal closure. Instead it will be applied
when the number of conjugates needed is already bounded.
Lemma 2.4. Let L be a transitive group on the set ! of cardinality m, let
the subgroup A of L have t orbits on ! of lengths %1 %2 
 
 
  %t , and let L be
generated by k conjugates A1A2 
 
 
 Ak of A in L. Then
k
t∑
j=1
%j − 1 ≥ m− 1

coprime automorphisms 265
Proof. Let V be an m-dimensional vector space over some ﬁeld F and
embed L into the general linear group GLV  as a group of permutation
matrices which permutes the basis of V in the same way as L permutes the
points of !. Let us identify L with its image in GLV . We have a surjective
linear map T  V → F given by mapping each basis vector of V to 1 and
certainly VL ≤ ker T . On the other hand, V/VL has dimension at most
one because L is transitive. Thus dimVL = m− 1. By the same argument
we have dimVA = ∑tj=1%j − 1. Since L = A1A2 
 
 
 Ak, we have
VL =∑ki=1VAi. Therefore
m− 1 = dimVL = dim
(
k∑
i=1
VAi
)
≤
k∑
i=1
dimVAi ≤ k
t∑
j=1
%j − 1
as claimed.
3. THE PROOF OF THEOREM B
We begin by the examining the case of a p-group which is nilpotent of
class at most two.
Proposition 3.1. Let G be a p-group of class at most two and let A be
a group of automorphisms of G of order coprime to p. If G  CGA ≤ pm,
then GA ≤ pm2+m/2.
Proof. Let G be a counterexample of minimal order. Then G =
GA CGA ≤ G′, and G is non-abelian. Thus G  G′ ≤ pm. Let
G/G′ = G′x1 × G′x2 × · · · × G′xd
and let G′xi have order pmi > 1. Now X = x1 x2 
 
 
  xd generates G
modulo G′ and G′ ≤ G. Hence X generates G and as G′ ≤ ZG,
we have
G′ = xj xi  1 ≤ i < j ≤ d =
d−1∏
i=1
Hi xi
where Hi = G′ xi+1 
 
 
  xd for i = 1 2 
 
 
  d − 1. Now the map h →
h xi induces a homomorphism from Hi/G′ onto Hi xi. Hence
Hi xi ≤ Hi/G′ = pmi+1+···+md
and so
G = G  G′ · G′ ≤
d∏
i=1
pmi ·
d−1∏
i=1
Hi xi ≤ pM
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where M =∑di=1 imi. We are given that m1 + · · · +md ≤ m. We show that
M ≤ m2 +m/2 by induction on d, with the result being clear if d = 1.
Now an inductive hypothesis implies
∑d
i=2i − 1mi ≤ n2 + n/2 where
n = m−m1. Hence
M =
d∑
i=1
imi≤
d∑
i=1
mi +
1
2
n2 + n
≤ m+ 1
2
m−m12 +m−m1
= 1
2
m2 +m − m1 − 1
(
m− 1
2
m1
)
≤ 1
2
m2 +m
since 1 ≤ m1 ≤ m. Thus G ≤ pm2+m/2, contrary to G being a counterex-
ample, and this proves the proposition.
We now embark on the proof of Theorem B. Let A be a group of auto-
morphisms of the ﬁnite p-group G such that p does not divide the order
of A. Assume that G is of minimal order such that G  CGA ≤ pm but
GA > pm2+m/2. ThenG = GA CGA ≤ G′, andG is non-abelian.
Further, by Proposition 3.1, G has class c where c ≥ 3.
Now A cannot centralize γc−1G, since otherwise γc−1G ≤ ZG,
which forces G to have class less than c. Note also that γc−1G is abelian
since c ≥ 3. Pick a normal subgroup N of G contained in γc−1G which
is of minimal order subject to the conditions that N is A-invariant and
NA = 1. Let H = NANG. Then H is contained in N , is normal in
G, and is A-invariant. Furthermore,
HA ≥ NAA = NA = 1

Thus, by minimality of N , we have N = H = NANG.
Since N is normal in G, we have NCGA ≤ G. Let G  NCGA = pr
and NCGA  CGA = ps, so that pr+s = G  CGA ≤ pn; that is,
r + s ≤ n. Since N = 1 and CG/NA = CGAN/N , the minimality of G
gives
G/N ≤ pr2+r/2
as G/N = GAN/N = G/NA. We also have ps = N  N ∩CGA =
N  CNA. Now, as N is abelian, we have
N = NA × CNA
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This means NA = N  CNA = ps. Note that s ≥ 1 since A does not
centralize N and that r ≥ 1 since N < G and A does not centralize G/N .
We must now obtain a bound for N/NA. Now since N ≤ γc−1G, we
have NG ≤ γcG ≤ ZG. Hence for g ∈ G, the map x → x g (for
x ∈ N) is homomorphism with kernel CNg ≥ NG. Therefore,
Ng = N  CNg ≤ N  NG
= NANG  NG ≤ NA
 (1)
Also NGG = 1, so by the Three Subgroup Lemma, NG′ = 1.
Thus CGN ≥ G′ ≥ CGA. In addition, N ≤ γc−1G ≤ G′, so we have
CGN ≥ G′ ≥ NCGA. Therefore G  CGN ≤ pr . Let Y be a minimal
generating set forG modulo CGN. Then Y  ≤ r. Also, as NG ≤ ZG,
any element in NG can be written as a product of commutators x y
where x ∈ N and y ∈ Y . Thus NG = /y∈Y N y, so by Eq. (1),
NG ≤ NAY  ≤ psr

Hence N = NGNA ≤ psr+1 and we have
G = G/N · N ≤ pr2+r/2+sr+1

Since s ≥ 1 and r + s ≤ m, we see that
1
2
r2 + r + sr + 1 ≤ 1
2
r2 + r + 1
2
s2 + s + rs
= 1
2
r + s2 + r + s ≤ 1
2
m2 +m
so
G ≤ pm2+m/2

ThusG is not a counterexample to our theorem and the proof of Theorem B
is complete.
4. THE PROOF OF THEOREM A
Let A be a group of automorphisms of the ﬁnite group G such that the
orders of G and A are coprime. Assume that G is of minimal order such
that G  CGA ≤ n but GA > nlog2n+1. Then G = GA CGA ≤
G′, and G is non-abelian.
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4.1. [F(G), A] = 1
Suppose that FGA = 1. Then there exists a prime p such that
the unique Sylow p-subgroup P of FG satisﬁes PA = 1. If the sec-
ond centre Z2P were centralized by A, then Z2P ≤ ZG and so
P = ZP = Z2P, contrary to the fact that PA = 1. Hence we may
choose Q to be an A-invariant subgroup of Z2P which is normal in G and
of minimal order subject to QA = 1. Then the normal closure QAG
is contained in Q and so is A-invariant. Furthermore,
QAGA ≥ QAA = QA = 1
so the minimality of Q gives Q = QAG. The minimality of Q also gives
Q′A = 1, so Q′ ≤ ZG.
Note QCGA  CGA = Q  CQA, so this equals pm for some
m. Let r = G  QCGA, so that r ≤ n/pm. By Theorem B, we have
QA ≤ pm2+m/2, while as Q = 1, the minimality of G gives G/Q =
G/QA ≤ r log2r+1.
Set R = CQAA. Since QAA = QA, we have R ≤ QA′ ≤ Q′,
so R is centralized by G. Now
QA/R = QA  CQA ∩ QA
= QACQA  CQA = Q  CQA = pm

Therefore
R = QA/pm ≤ pm2−m/2

Consider the group G = G/R and denote the image of a subgroup H
under the homomorphism G → G by H. Since r = G  CGAQ, we
may apply Corollary 2.3 to see that the normal closure QAG  is the
product of at most log2r + 1 of the conjugates of QA = QA/R
in G. Thus
Q/R = QAG ≤ QA/Rlog2r+1 = pm log2r+1

Therefore
Q ≤ pm log2r+1+m2−m/2

Hence
G = G/Q · Q ≤ r log2r+1pm log2r+1+m2−m/2
= r log2r+1pmlog2r+1+m−1/2
≤ r log2r+1pmlog2n+1
≤ nlog2n+1
since r + 12m−1/2 ≤ r2m+1/2 ≤ r2m ≤ rpm ≤ n, and this is contrary
to G being a counterexample. Hence we must have FGA = 1. This
completes Step 1.
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4.2. [EGA = 1
We begin with three results about quasisimple groups, which depend on
the Classiﬁcation of Finite Simple Groups.
Proposition 4.1. Let Q be a quasisimple group. Then ZQ3 ≤ Q.
Proof. We need to verify that if X is a ﬁnite simple group, the Schur
multiplier MX of X satisﬁes MX2 ≤ X. For the alternating groups
we use (33.15) in Aschbacher [1]. For the groups of Lie type we use Tables
5 and 6 on page xvi of the Atlas [2]. For the sporadic groups we use Table 1
on page vii of the Atlas [2].
It should be observed that if Q is the universal central extension of L34,
then ZQ = 48 and Q = 967 680. In this case, log Q/ log ZQ ≈
3
56, illustrating that the cube in the above proposition is reasonable.
The next proposition is a minor improvement to Lemma (2.1) of Isaacs
and Navarro [5].
Proposition 4.2. Let G be a universal Lie type group and let α be an
automorphism of G of prime order r where r does not divide the order of G.
Then G  CGα > CGα2.
Proof. Since r does not divide the order of G, we see from [2, Table 5]
that α is a ﬁeld automorphism. We now invoke [3, Theorem 4.9.1 (a) and
(c)] to deduce that G ∼= d1qr and CGα ∼= d1q for some root system
1 and some prime power q. Then using [2, Table 6],
G  CGα =
qrN/mi=1liqrdi
qN/mi=1liqdi

where N is the number of positive roots in 1 li ∈ 1 2 3lT  is the lth
cyclotomic polynomial, and the di are positive integers. Now, if t ≥ 2, then
1tr = tr − 1 > t − 1r−1 = 1tr−1
2tr = tr + 1 > tr = t13/88r/13 > t + 18r/13 = 2t8r/13
3tr = t2r + tr + 1 > t2r = t32r/3 > t2 + t + 12r/3 = 3t2r/3

(We use the fact that t + 1 < t13/8 if t ≥ 2.) Thus we have ltr > lt8r/13
for all l ∈ 1 2 3, all t ≥ 2, and all r ≥ 3. Therefore
G  CGα > qr−1N
m∏
i=1
liqdi8r/13−1 > CGα2
whenever r ≥ 5. If r = 3, then necessarily G ∼= 2B2q3. Since 2B2q =
q2q2 + 1q − 1, in this case we may verify directly that the required
inequality also holds.
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Corollary 4.3. Let Q be a quasisimple group and let A be a non-trivial
group of automorphisms of Q such that the orders of Q and A are coprime.
If Q  CQA ≤ n, then Q ≤ n3.
Proof. Note that if A acts trivially on Q/ZQ, then QAQ = 1.
Since Q′ = Q, the Three Subgroup Lemma yields QA = 1, contrary to
A being non-trivial. Therefore A acts non-trivially on Q/ZQ. Since the
outer automorphism group of an alternating group or a sporadic group is a
2-group (see [2, Table 1]), we are concerned with the case when the simple
quotient Q/ZQ is of Lie type. Let α be a non-trivial element of A of
prime order r. We note that the Schur multiplier of Q has no exceptional
part unless Q/ZQ ∼= 2B223. Then Q/ZQ = 29 120 ZQ ≤ 4, and
CQ/ZQα = 2B22 = 20. Hence in this case n ≥ 1456 and the required
inequality holds.
We may now assume that the exceptional part of the Schur multiplier of
Q is trivial. Thus Q is a quotient of the universal Lie type group of the same
type. Let G be the universal Lie type group such that Q is the quotient of G
by the central subgroup Z. Notice that as α extends to an automorphism of
G and has order coprime to G, we have CGαZ/Z = CQα. We then have
G  CGαZ ≤ n. Now ZCGα  CGα ≤ Z and from Proposition 4.1
we have Z3 ≤ ZG3 ≤ G. It follows from Proposition 4.2 that
CGα2 ≤ G  CGα ≤ nG1/3

Thus
G = G  CGα · CGα ≤ n3/2G1/2
which gives G ≤ n3 and the result follows since Q is a quotient of G.
Lemma 4.4. Let E be a direct product of non-abelian simple groups
X1X2 
 
 
 Xm, where m ≥ 2, and let A be a group of automorphisms
of E which acts transitively on X1X2 
 
 
 Xm. Then E = EA and
CEA ≤ X1.
Proof. We have 1 = EAE, so EA is the product of some of the
Xis. Since A acts transitively on X1X2 
 
 
 Xm, the projection from
EA onto Xi is surjective for each i. Thus EA = E.
For J ⊆ 1 2 
 
 
 m, deﬁne EJ = /j∈JXj . Choose J of minimal car-
dinality so that CEA ∩ EJ = 1. Since CEA ∩ EJ ≤ EJ ∩ EJα for all
α ∈ A, the minimal choice of J and the transitivity of A imply that
J = 1 2 
 
 
 m. In particular, CEA ∩ X2 × · · · × Xm = 1. Hence
CEA ≤ X1.
We now return to our minimal counterexample G to Theorem A. Sup-
pose that EGA = 1 and choose E to be an A-invariant subgroup of
coprime automorphisms 271
EG which is normal in G and of minimal order such that EA = 1.
Let ! = Q1Q2 
 
 
 Qm be the components of E. Then by the minimal-
ity of E, the semidirect product L = GA acts acts transitively on ! and
so E is a central product of isomorphic quasisimple groups. Since A cen-
tralizes FG, we have ZEA = 1 and hence ZE ≤ ZG. As L acts
transitively on !, we now have ZE = ZQ1 and so ZE3 ≤ Q1 by
Proposition 4.1.
Let G  ECGA = r and ECGA  CGA = s, so that rs ≤ n. Since
G is a minimal counterexample,
G/E = G/EA ≤ r log2r+1

Suppose that A ﬁxes every member of !. Then every conjugate of A in L
ﬁxes every member of !, so that as G = GA ≤ AL, we see that every
member of ! is normal in G and A-invariant. The minimality of E then
forces m = 1. Then E  CEA = s and Corollary 4.3 says E ≤ s3. In
this case, however, E/ZE is a simple group possessing automorphisms of
order coprime to E/ZE. This means that E/ZE is too large to embed
in A7, so s = E  CEA ≥ 7. Thus log2n+ 1 ≥ 3 and
G = G/E · E ≤ r log2r+1s3 ≤ nlog2n+1

Hence, as G is a counterexample, we infer that A does not ﬁx every
member of !. Let !1!2 
 
 
  !t be the orbits of A on ! and let %i be
the length of the orbit !i. Deﬁne Ej = /Q∈!jQ and E∗ = /%j≥2Ej . ThenE∗  CE∗A ≤ s. Let us denote the image of a subgroup H under the
homomorphism E → E/ZE by H˜. In particular, E˜ is a direct product of
m isomorphic non-abelian simple groups. By Lemma 4.4, if %j ≥ 2, then
CE˜j A ≤ Q˜1, so
s ≥ E∗  CE∗A =
∏
lj≥2
E˜j  CE˜j A ≥ Q˜1
N
where N =∑tj=1%j − 1. This gives Q˜1 ≤ s1/N and now, using Lemma 2.4
and Proposition 2.2, we have
E˜ = Q˜1m ≤ skN+1/N ≤ sk+1
where k ≤ log2r + 1 is the number of conjugates of A required to gener-
ate L/E. Since, by Proposition 4.1,
ZE = ZQ1 ≤ Q˜11/2 ≤ s1/2N ≤ s
we conclude that
E ≤ slog2 r+1+2 = slog2 4r+4 ≤ slog2 n+1
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as s ≥ Q˜1 ≥ 60. Finally we have
G = G/E · E ≤ r log2 r+1slog2 n+1 ≤ nlog2n+1
which contradicts G being a counterexample. Hence our assumption that
EGA = 1 is incorrect. This completes Step 2.
We may now complete the proof of Theorem A. We have shown that
in our counterexample G we have FGA = EGA = 1. Hence
F∗GA = 1, so the generalized Fitting subgroup is central in G.
Thus G ≤ CGF∗G = ZF∗G, so G is abelian. This is our ﬁnal
contradiction and completes the proof of the theorem.
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